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A Proofs and Parameter estimates

A.1 The Gamma-zero (γ0) distribution

The gamma-zero autoregressive process was introduced by Monfort et al. (2017) as a

generalization of the autoregressive gamma process of Gouriéroux and Jasiak (2006).

Let It = I(Xt, zt−1) be a non-negative process which is a function of the risk factors

Xt and zt−1, and jt be a Poisson variable with intensity It. zt is conditionally gamma-

zero distributed if:

jt|Xt, zt−1 ∼ P
(
I(Xt, zt−1)

)
and zt|jt ∼ Gammajt (c) , (A.1)

that is, conditionally on the Poisson mixing variable, zt has a gamma distribution with

shape (or degree of freedom) parameter jt and a scale parameter c. When jt = 0,

the conditional distribution of zt converges to a Dirac point mass at zero. Integrating

with respect to jt, we obtain the conditional distribution of zt given Xt and zt−1 that

is called gamma-zero, encompassing a zero point mass. The conditional distribution

of zt given Xt and its past can be expressed with its conditional Laplace transform:

E
[
exp(uzzt)

∣∣Xt, zt−1

]
= exp

(
uzc

1− uzc
It

)
, (A.2)
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In this paper, we consider an intensity which is a linear-quadratic function of Xt and

a linear function of zt−1 (see Equation (4)):

E
[
exp(uzzt)

∣∣Xt, zt−1

]
= exp

(
uzc

1− uzc

(
α + ϕzt−1 + κβ′Xt + (β′Xt)

2
))

.

The properties of the gamma-zero are such that its �rst two conditional moments are

linear in its underlying intensity It:

E
(
zt
∣∣Xt, zt−1

)
= c It and V

(
zt
∣∣Xt, zt−1

)
= 2 c2 It .

We can expand the function of Xt in the intensity:

κβ′Xt + (β′Xt)
2 = κβ′ (µ+ΦXt−1 + vt) +

[
β′ (µ+ΦXt−1 + vt)

]2
= κβ′ (µ+ΦXt−1 + vt) +

{[
β′ (µ+ΦXt−1)

]2
+
(
β′vt

)2
+ 2β′ (µ+ΦXt−1)β

′vt

}
= κβ′µ+

(
β′µ
)2

+ β′Σβ + κβ′ΦXt−1 +
(
β′ΦXt−1

)2
+ 2

(
β′µ
) (

β′ΦXt−1

)
+ κβ′vt +

[(
β′vt

)2 − β′Σβ
]
+ 2 (µ+ΦXt−1)

′ ββ′vt

Using the conditional moments of linear-quadratic Gaussian processes (see technical

Appendix B.2), the last row has zero conditional mean given the information available

at t− 1. The short-rate is then given by:

rt = r + c It + εzt

= r + cEt−1 (It) + εrt

= r + c
[
α+ ϕzt−1 +

(
κ+ β′µ

)
β′µ+ β′Σβ +

(
κ+ 2µ′β

)
β′ΦXt−1 +

(
β′ΦXt−1

)2]
+ εrt

= r + c
[
α+

(
κ+ β′µ

)
β′µ+ β′Σβ

]︸ ︷︷ ︸
=α∗

+ cϕ︸︷︷︸
=ϕ∗

zt−1 + c
(
κ+ 2µ′β

)
β′ΦXt−1 + c

(
β′ΦXt−1

)2
+ εrt ,

and by de�nition we obtain:

rt = (1− ϕ∗)r + α∗ + ϕ∗rt−1 + c (κ+ 2µ′β) β′ΦXt−1 + c (β′ΦXt−1)
2
+ εrt , (A.3)
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and

εrt = c
[
κβ′vt +

[
(β′vt)

2 − β′Σβ
]
+ 2 (µ+ ΦXt−1)

′ ββ′vt

]
+ εzt . (A.4)

For conditional variance, we have:

Vt−1 (rt) = c2Vt−1

[(
κ+ 2 (µ+ ΦXt−1)

′ β
)
β′vt +

(
(β′vt)

2 − β′Σβ
)]

+ Vt−1 (ε
z
t )

= c2
([

κ+ 2 (µ+ ΦXt−1)
′ β
]2
β′Σβ + 2 (β′Σβ)

2
)

+ 2c2
(
α + ϕzt−1 + (κ+ β′µ) β′µ+ β′Σβ + (κ+ 2µ′β) β′ΦXt−1 + (β′ΦXt−1)

2
)
,

which is a linear-quadratic function of Xt−1.

A.2 A�ne P-property

In this Section, we show that our physical dynamics are a�ne. De�ne u = [u′
x, Vec(Ux)

′, u′
z]

′,

where the blocks have respective size K, K2 and 1. We �rst introduce the following

Lemma.

Lemma A.1 The conditional Laplace transform of [X ′
t,Vec(XtX

′
t)

′]′ given its past is

given by:

E
[
exp (u′

xXt +X ′
tUxXt)

∣∣Xt−1

]
= exp

{
u′
x(IK − 2ΣUx)

−1

(
µ+

1

2
Σux

)
+ µ′Ux(IK − 2ΣUx)

−1µ− 1

2
log
∣∣IK − 2ΣUx

∣∣
+ (ux + 2Uxµ)

′(IK − 2ΣUx)
−1ΦXt−1 +Xt−1Φ

′Ux(IK − 2ΣUx)
−1ΦXt−1

}

Proof See Cheng and Scaillet (2007). ■

Let us now calculate the conditional Laplace transform of ft := [X ′
t,Vec(XtX

′
t)

′, zt]

given ft−1.

E
[
exp (u′ft)

∣∣ft−1

]
= E

[
exp (u′

xXt +X ′
tUxXt + uzzt)

∣∣ft−1

]
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= E
{
E
[
exp (u′

xXt +X ′
tUxXt + uzzt)

∣∣ft−1, Xt

] ∣∣ft−1

}
= E

[
exp

{
u′
xXt +X ′

tUxXt +
uzc

1− uzc
[α+ κβ′Xt +X ′

tββ
′Xt + ϕzt−1]

} ∣∣ft−1

]
,

= exp

(
uzc

1− uzc
(α+ ϕzt−1)

)
E

[
exp

{(
ux +

κuzc

1− uzc
β

)′

Xt +X ′
t

(
Ux +

uzc

1− uzc
ββ′
)
Xt

}∣∣ft−1

]
,

We hence obtain the conditional Laplace transform of [X ′
t,Vec(XtX

′
t)

′]′ applied in

the two arguments

[(
ux + κ uzc

1−uzc
β
)′
; Vec

(
Ux +

uzc
1−uzc

ββ′
)′]′

. Using Lemma A.1, we

have:

E
[
exp (u′ft)

∣∣ft−1

]
= exp

{
uzc

1− uzc
(α+ ϕzt−1) +

(
ux +

κuzc

1− uzc
β

)′ [
IK − 2Σ

(
Ux +

uzc

1− uzc
ββ′
)]−1 [

µ+
1

2
Σ

(
ux +

κuzc

1− uzc
β

)]

+ µ′
(
Ux +

uzc

1− uzc
ββ′
)[

IK − 2Σ

(
Ux +

uzc

1− uzc
ββ′
)]−1

µ− 1

2
log

∣∣∣∣IK − 2Σ

(
Ux +

uzc

1− uzc
ββ′
)∣∣∣∣

+

[(
ux +

κuzc

1− uzc
β

)′

+ 2µ′
(
Ux +

uzc

1− uzc
ββ′
)][

IK − 2Σ

(
Ux +

uzc

1− uzc
ββ′
)]−1

ΦXt−1

+ X ′
t−1Φ

′
(
Ux +

uzc

1− uzc
ββ′
)[

IK − 2Σ

(
Ux +

uzc

1− uzc
ββ′
)]−1

ΦXt−1

}
. (A.5)

This conditional Laplace transform is an exponential-a�ne function of ft−1. (ft) is

therefore an a�ne process under the physical measure. ■

A.3 Convexity adjustment for the pricing kernel

We now turn our interest to the derivation of the convexity adjustment in the pricing

kernel given by Equation (7). By no-arbitrage, we have that:

Et−1 (Mt) = e−rt−1 ⇐⇒ Et−1

[
exp

(
λ′
t−1vt + λrε

r
t

)]
= exp (ξt−1) .
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To come back to the formulation of Equation (A.5), it is su�cient to multiply the

left- and right-hand side of the previous Equation:

Et−1

[
exp

(
λ′
t−1vt + λrε

r
t

)]
= exp (ξt−1)

⇐⇒ Et−1

[
exp

(
λ′
t−1Xt + λrzt

)]
= exp

[
ξt−1 + λ′

t−1 (µ+ ΦXt−1) + λrEt−1 (zt)
]
.

Thus, using the result of Equation (A.5), we obtain:

ξt−1 = −λ′
t−1 (µ+ΦXt−1)− λrEt−1 (zt) +

λrc

1− λrc
(α+ ϕzt−1)

+

(
λt−1 +

κλrc

1− λrc
β

)′ [
IK − 2Σ

(
λrc

1− λrc
ββ′
)]−1 [

µ+
1

2
Σ

(
λt−1 +

κλrc

1− λrc
β

)]
+ µ′

(
λrc

1− λrc
ββ′
)[

IK − 2Σ

(
λrc

1− λrc
ββ′
)]−1

µ− 1

2
log

∣∣∣∣IK − 2Σ

(
λrc

1− λrc
ββ′
)∣∣∣∣

+

[(
λt−1 +

κλrc

1− λrc
β

)′
+ 2µ′

(
λrc

1− λrc
ββ′
)][

IK − 2Σ

(
λrc

1− λrc
ββ′
)]−1

ΦXt−1

+ X ′
t−1Φ

′
(

λrc

1− λrc
ββ′
)[

IK − 2Σ

(
λrc

1− λrc
ββ′
)]−1

ΦXt−1 .

A.4 Risk-neutral a�ne property

To derive the risk-neutral conditional Laplace transform of ft given ft−1, we use

the transition formulas provided in Roussellet (2015), Chapter 4. Using the block

recursive a�ne structure of ft, the risk-neutral conditional Laplace transform of zt

given Xt and ft−1 is given by:

EQ
(
exp{uzzt}

∣∣Xt, ft−1

)
=

E
(
exp {[uz + λr] zt}

∣∣Xt, ft−1

)
E
(
exp {λrzt}

∣∣Xt, ft−1

) (A.6)

= exp

{(
(uz + λr)c

1− (uz + λr)c
− λrc

1− λrc

)
(α + κβ′Xt +X ′

tββ
′Xt + ϕzt−1)

}
,
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where EQ(·) is the expectation operator under the risk-neutral measure. The di�er-

ence of ratios can be simpli�ed as follows.

(uz + λr)c

1− (uz + λr)c
− λrc

1− λrc
=

(1− λrc) (uz + λr)c− [1− (uz + λr)c]λrc

[1− λrc] [1− (uz + λr)c]

= c
uz − λruzc+ uzλrc

[1− λrc] [1− (uz + λr)c]
=

uzc

[1− λrc] [1− (uz + λr)c]
.

De�ne now cQ =
c

1− λrc
, that is c =

cQ

1 + λrcQ
. We obtain:

uzc

1− (uz + λr)c
=

uz
cQ

1+λrcQ

1− (uz + λr)
cQ

1+λrcQ

=
1 + λrc

Q

1− uzcQ
× uzc

Q

1 + λrcQ
=

uzc
Q

1− uzcQ
.

Hence the conditional Laplace transform of Equation (A.6) is given by:

EQ
(
exp{uzzt}

∣∣Xt, ft−1

)
= exp

{
uzc

Q

1− uzcQ
× α+ κβ′Xt +X ′

tββ
′Xt + ϕzt−1

1− λrc

}
=: exp

{
uzc

Q

1− uzcQ

(
αQ + κQβQ′

Xt +X ′
tβ

QβQ′
Xt + ϕQzt−1

)}
.

zt is therefore conditionally gamma-zero distributed given Xt and its past, where the

risk-neutral parameters are given by:

αQ =
α

1− λrc
, βQ =

β√
1− λrc

, κQ =
κ√

1− λrc
, ϕQ =

ϕ

1− λrc
, cQ =

c

1− λrc

We turn now to the computation of the risk-neutral conditional Laplace transform of

(X ′
t, Vec(XtX

′
t)

′)′ given ft−1. Again, using the property in Roussellet (2015) Chapter

4, we have:

EQ
(
exp {u′

xXt +X ′
tUxXt}

∣∣ft−1

)
=

E
[
exp

{
(ux + λ̃t−1)

′Xt +X ′
t(Ux + λ̃r)Xt

} ∣∣ft−1

)
E
[
exp

{
λ̃′
t−1Xt +X ′

t(Ux + λ̃r)Xt

} ∣∣ft−1

) ,
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where λ̃t−1 and λ̃r are given by:

λ̃t−1 = λ0 + β
κλrc

1− λrc
+ λ1Xt−1 , λ̃r =

λrc

1− λrc
ββ′ .

The transition between the physical and risk-neutral dynamics of Xt are as if the

SDF was exponential-quadratic, with adjusted prices of risk Λ̃t−1 and λ̃r. Since λ̃r

the price associated to Vec(XtX
′
t) is constant through time, we can rely on the results

of Monfort and Pegoraro (2012). We obtain that Xt follows a Gaussian VAR(1) under

the risk-neutral measure and:

Xt = µQ + ΦQXt−1 + vQt ,

where vQt
i.i.d.∼ N

(
0,ΣQ

)
is a Gaussian white noise, and µQ, ΦQ and ΣQ are given by:

µQ =

(
IK − 2

λrc

1− λrc
Σββ′

)−1(
µ+ Σλ0 +

κλrc

1− λrc
Σβ

)
ΦQ =

(
IK − 2

λrc

1− λrc
Σββ′

)−1 (
Φ + Σλ1

)
ΣQ =

(
IK − 2

λrc

1− λrc
Σββ′

)−1

Σ .

The class of distributions are thus the same under the physical and the risk-neutral
measure. Transforming Formula (A.5), the risk-neutral Laplace transform of ft given
ft−1 is given by:

EQ
[
exp

(
u′ft

) ∣∣ft−1

]
= exp

{
uzcQ

1− uzcQ

(
αQ + ϕQzt−1

)
−

1

2
log

∣∣∣∣IK − 2ΣQ
(
Ux +

uzcQ

1− uzcQ
βQβQ′

)∣∣∣∣
+

(
ux +

κQuzcQ

1− uzcQ
βQ

)′ [
IK − 2ΣQ

(
Ux +

uzcQ

1− uzcQ
βQβQ′

)]−1 [
µQ +

1

2
ΣQ

(
ux +

κQuzcQ

1− uzcQ
βQ

)]
+ µQ′

(
Ux +

uzcQ

1− uzcQ
βQβQ′

)[
IK − 2ΣQ

(
Ux +

uzcQ

1− uzcQ
βQβQ′

)]−1

µQ

+

[(
ux +

κQuzcQ

1− uzcQ
βQ

)′
+ 2µQ′

(
Ux +

uzcQ

1− uzcQ
βQβQ′

)][
IK − 2ΣQ

(
Ux +

uzcQ

1− uzcQ
βQβQ′

)]−1

ΦQXt−1

+ X′
t−1Φ

Q′
(
Ux +

uzcQ

1− uzcQ
βQβQ′

)[
IK − 2ΣQ

(
Ux +

uzcQ

1− uzcQ
βQβQ′

)]−1

ΦQXt−1

}
. (A.7)
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This conditional Laplace transform is an exponential-a�ne function of ft−1. (ft)

is therefore an a�ne process under the risk-neutral measure. Combined with the

fact that both rt and πt are a�ne functions of ft augmented with the idiosyncratic

in�ation shocks επt , this is su�cient to de�ne an a�ne term structure model (ATSM)

(see e.g. Dai and Singleton (2000) or Darolles et al. (2006)).

A.5 Multi-horizon Laplace transform

Using the notation:

EQ
[
exp (u′ft)

∣∣ft−1

]
=: exp

{
AQ(u) + BQ′

(u)Xt−1 +X ′
t−1CQ(u)Xt−1 + DQ(u)zt−1

}
,

where:

AQ(u) =
uzc

Q

1− uzcQ
αQ − 1

2
log

∣∣∣∣IK − 2ΣQ
(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)∣∣∣∣
+

(
ux +

uzc
Q

1− uzcQ
βQ
)′ [

IK − 2ΣQ
(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)]−1 [
µQ +

1

2
ΣQ
(
ux +

uzc
Q

1− uzcQ
βQ
)]

+ µQ′
(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)[
IK − 2ΣQ

(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)]−1

µQ

BQ(u) = ΦQ′
[
IK − 2ΣQ

(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)]−1′
[(

ux +
uzc

Q

1− uzcQ
βQ
)
+ 2

(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)′

µQ

]

CQ(u) = ΦQ′
(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)[
IK − 2ΣQ

(
Ux +

κuzc
Q

1− uzcQ
βQβQ′

)]−1

ΦQ

DQ(u) =
uzc

Q

1− uzcQ
ϕQ

Since the one-period ahead conditional risk-neutral Laplace transform of ft given

ft−1 is exponential-a�ne in ft−1, it is well-known that the conditional multi-horizon

risk-neutral Laplace transform of (ft, . . . , ft+k) is also exponential-a�ne in ft−1 (see

e.g. Darolles, Gourieroux, and Jasiak (2006)). We obtain:

EQ

[
exp

(
k∑

i=0

u′
ift+i

)∣∣ft−1

]
= exp

(
AQ

k (u0, . . . , uk) + BQ′

k (u0, . . . , uk)Xt−1
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+ X ′
t−1C

Q
k (u0, . . . , uk)Xt−1 + DQ

k (u0, . . . , uk) rt−1

)
,

where:

AQ
k (u0, . . . , uk) := AQ

k,k(u0, . . . , uk)

BQ
k (u0, . . . , uk) := BQ

k,k(u0, . . . , uk)

CQ
k (u0, . . . , uk) := CQ

k,k(u0, . . . , uk)

DQ
k (u0, . . . , uk) := DQ

k,k(u0, . . . , uk) ,

with initial conditions AQ
k,1(u0, . . . , uk) = AQ(uk), BQ

k,1(u0, . . . , uk) = BQ(uk), CQ
k,1(u0, . . . , uk) =

CQ(uk) and DQ
k,1(u0, . . . , uk) = DQ(uk), and ∀i ∈ {2, . . . , k},

AQ
k,i(u0, . . . , uk) = AQ

k,i−1(u0, . . . , uk)

+ AQ
(
uk−i+1 +

[
BQ′

k,i−1(u0, . . . , uk) ,Vec
(
CQ
k,i−1(u0, . . . , uk)

)′
,DQ

k,i−1(u0, . . . , uk)

]′)
BQ
k,i(u0, . . . , uk) = BQ

(
uk−i+1 +

[
BQ′

k,i−1(u0, . . . , uk) ,Vec
(
CQ
k,i−1(u0, . . . , uk)

)′
,DQ

k,i−1(u0, . . . , uk)

]′)
CQ
k,i(u0, . . . , uk) = CQ

(
uk−i+1 +

[
BQ′

k,i−1(u0, . . . , uk) ,Vec
(
CQ
k,i−1(u0, . . . , uk)

)′
,DQ

k,i−1(u0, . . . , uk)

]′)
DQ
k,i(u0, . . . , uk) = DQ

(
uk−i+1 +

[
BQ′

k,i−1(u0, . . . , uk) ,Vec
(
CQ
k,i−1(u0, . . . , uk)

)′
,DQ

k,i−1(u0, . . . , uk)

]′)
.

Since the conditional Laplace transform of ft given ft−1 under the physical measure

is the same function as the risk-neutral one, but plugging in the physical parameters

instead of the risk-neutral ones, we easily obtain:

φt−1(u0, . . . , uk) = E

[
exp

(
k∑

i=0

u′
ift+i

)∣∣ft−1

]
=: exp

(
Ak(u0, . . . , uk) + B′

k(u0, . . . , uk)Xt−1 +X ′
t−1Ck(u0, . . . , uk)Xt−1 + Dk(u0, . . . , uk)rt−1

)
.(A.8)
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where:

Ak(u0, . . . , uk) := Ak,k(u0, . . . , uk)

Bk(u0, . . . , uk) := Bk,k(u0, . . . , uk)

Ck(u0, . . . , uk) := Ck,k(u0, . . . , uk)

Dk(u0, . . . , uk) := Dk,k(u0, . . . , uk) ,

with initial conditions Ak,1(u0, . . . , uk) = A(uk), Bk,1(u0, . . . , uk) = B(uk), Ck,1(u0, . . . , uk) =

C(uk) and Dk,1(u0, . . . , uk) = D(uk), and ∀i ∈ {2, . . . , k},

Ak,i(u0, . . . , uk) = Ak,i−1(u0, . . . , uk)

+ A
(
uk−i+1 +

[
B

′
k,i−1(u0, . . . , uk) ,Vec (Ck,i−1(u0, . . . , uk))

′ ,Dk,i−1(u0, . . . , uk)
]′)

Bk,i(u0, . . . , uk) = B
(
uk−i+1 +

[
B

′
k,i−1(u0, . . . , uk) ,Vec (Ck,i−1(u0, . . . , uk))

′ ,Dk,i−1(u0, . . . , uk)
]′)

Ck,i(u0, . . . , uk) = C
(
uk−i+1 +

[
B

′
k,i−1(u0, . . . , uk) ,Vec (Ck,i−1(u0, . . . , uk))

′ ,Dk,i−1(u0, . . . , uk)
]′)

Dk,i(u0, . . . , uk) = C
(
uk−i+1 +

[
B

′
k,i−1(u0, . . . , uk) ,Vec (Ck,i−1(u0, . . . , uk))

′ ,Dk,i−1(u0, . . . , uk)
]′)

.

A.6 Pricing recursions

In this Section, we derive the pricing recursions for nominal bonds and TIPS. By

no-arbitrage, we have:

P
(n)
t = EQ

t

[
e−rtP

(n−1)
t+1

]
and P

(n)∗

t = EQ
t

[
e−rtP

(n−1)∗

t+1

CPIt+1

CPIt

]

We postulate the form given by Equation (14), that is:

P
(n)
t = exp

(
An + B′

nXt +X ′
t CnXt +Dn zt

)
,

P
(n)∗

t = exp
(
A∗

n + B∗′
n Xt +X ′

t C∗
nXt +D∗

n zt
)
,

10



Focusing �rst on nominal bonds, we obtain:

An + B′
n Xt +X ′

t Cn Xt +Dn zt = −r − zt +An−1 + logEQ
t

[
exp

(
B′
n−1 Xt+1 +X ′

t+1 Cn−1 Xt+1 +Dn−1 zt+1

)]
Therefore, using the formulation of Equation (A.7), starting from initial conditions
A0 = 0, B0 = 0, C0 = 0, D0 = 0, we get:

An = −r +An−1 +
Dn−1cQ

1−Dn−1cQ
αQ −

1

2
log

∣∣∣∣IK − 2ΣQ
(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)∣∣∣∣
+

(
Bn−1 +

κQDn−1cQ

1−Dn−1cQ
βQ

)′ [
IK − 2ΣQ

(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)]−1 [
µQ +

1

2
ΣQ

(
Bn−1 +

κQDn−1cQ

1−Dn−1cQ
βQ

)]
+ µQ′

(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)[
IK − 2ΣQ

(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)]−1

µQ

Bn = ΦQ′
[
IK − 2ΣQ

(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)]−1′

×
[(

Bn−1 +
κQDn−1cQ

1−Dn−1cQ
βQ

)
+ 2

(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)′
µQ

]

Cn = ΦQ′
(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)[
IK − 2ΣQ

(
Cn−1 +

Dn−1cQ

1−Dn−1cQ
βQβQ′

)]−1

ΦQ

Dn =
Dn−1cQ

1−Dn−1cQ
ϕQ − 1 .

Now, turning to TIPS, there is a slight subtlety associated with the fact that πt+1

de�nes the year-on-year in�ation and not the monthly in�ation rate. The simplest

case arises for maturities that are multiple of 12, (yearly maturities), which we have

in the observables. In this case, the price of a TIPS with maturity n = 12ñ is given

by:

P
(12ñ)∗

t = EQ
t

[
exp

(
−

12ñ−1∑
i=0

rt+i

)
CPIt+12ñ

CPIt

]
= EQ

t

[
exp

(
−

12ñ−1∑
i=0

rt+i

)
exp

(
ñ∑

j=1

πt+12j

)]
.

The pricing formulas are still closed-form but rely on the recursions given by the multi-

horizon Laplace transform of the vector f
(aug)
t =

(
X

(aug)′

t , X
(aug)′

t ⊗X
(aug)′

t , zt

)
and

X
(aug)
t =

(
X ′

t, ε
π
t , π

∗
t−1

)′
. We obtain:

P
(12ñ)∗

t = exp (ñπ̄ − 12ñr − zt)EQ
t

[
exp

(
12ñ∑
i=1

u′
if

(aug)
t+i

)]
, (A.9)
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where

u12ñ =

(
ι′K+2,K+2 ι′K+1,(K+2)2 0

)′

(A.10)

ui =

(
0′
K+2 0′

(K+2)2 −1

)′

for i < 12ñ and i/12 ̸= ⌊i/12⌋ (A.11)

ui =

(
ι′K+2,K+2 ι′K+1,(K+2)2 −1

)′

for i < 12ñ and i/12 = ⌊i/12⌋(A.12)

where ιi,j is the ith column of the identity matrix of size j. The recursions for the

multi-horizon Laplace transform is detailed in Appendix A.5.

A.7 Lifto� probabilities

Using the properties of the gamma-zero process presented in Monfort et al. (2017),

the probabilities for the short-term interest rate to stay at its lower bound for n

periods are given by the following:

P
(
rt+1:t+n = r

∣∣ft) = P
(
zt+1:t+n = 0

∣∣ft) = lim
v→−∞

E

[
exp

(
n∑

i=1

vzt+i

)∣∣ft]

Q
(
rt+1:t+n = r

∣∣ft) = Q
(
zt+1:t+n = 0

∣∣ft) = lim
v→−∞

EQ

[
exp

(
n∑

i=1

vzt+i

)∣∣ft] .(A.13)

Notice that it is as if we were computing the n-maturity bond price and its respective

expected component for a modi�ed short-rate process. If our short-term nominal

rate was given by −vzt, this would be exactly the case. We thus only have to use the

same pricing recursions as in Appendix A.6 but putting r = 0 and replacing cQ by

v → +∞. We obtain:

Q
(
rt+1:t+n = r

∣∣ft) = exp
(
A(elb)

n + B(elb)′

n Xt +X ′
tC(elb)

n Xt +D(elb)
n zt

)
P
(
rt+1:t+n = r

∣∣ft) = exp
(
AP,(elb)

n + BP,(elb)′
n Xt +X ′

tCP,(elb)
n Xt +DP,(elb)

n zt

)
.

12



where the loadings follow the recursion:

A(elb)
n = A(elb)

n−1 − αQ −
1

2
log

∣∣∣IK − 2ΣQ
(
C(elb)
n−1 − βQβQ′)∣∣∣

+
(
B(elb)
n−1 − κQβQ

)′ [
IK − 2ΣQ

(
C(elb)
n−1 − βQβQ′)]−1

[
µQ +

1

2
ΣQ

(
B(elb)
n−1 − κQβQ

)]
+ µQ′ (

C(elb)
n−1 − βQβQ′) [

IK − 2ΣQ
(
C(elb)
n−1 − βQβQ′)]−1

µQ

B(elb)
n = ΦQ′ [

IK − 2ΣQ
(
C(elb)
n−1 − βQβQ′)]−1′

[(
B(elb)
n−1 − κQβQ

)
+ 2

(
C(elb)
n−1 − βQβQ′)′

µQ
]

C(elb)
n = ΦQ′ (

C(elb)
n−1 − βQβQ′) [

IK − 2ΣQ
(
C(elb)
n−1 − βQβQ′)]−1

ΦQ

D(elb)
n = −ϕQ .

For the physical probabilities, the recursions are the same replacing the risk-neutral

parameters by the physical ones. We deduce the lifto� probabilities, i.e. to see the

�rst interest rate hike in exactly n+ 1 periods.

P
(
rt+1:t+n = r, rt+n+1 > r

∣∣ft) = P
(
rt+1:t+n = r

∣∣ft)− P
(
rt+1:t+n+1 = r

∣∣ft) .
A.8 Impulse Response Methodology

The a�ne structure of the model makes it easy to perform an impulse response analy-

sis. All the variables considered in this section can be expressed as linear combinations

of ft components.17 Let us consider the impact of a shock of size s of variable v2 on

variable v1, where v1 = e′v1ft and v2 = e′v2ft, with ev1 and ev2 vectors weighting and

selecting the right entries of ft depending on the variables of interest. Let us also

denote by Ev = (ev3 , · · · , evq) the matrix of (q− 2) weighting vectors that de�ne vari-

ables vj = e′vjft that we do not want to shock at the initial period. The impulse

response at horizon n, denoted by IRFv2→v1
t,n is given by:

IRFv2→v1
t,n = E

(
e′v1ft+n

∣∣ft−1, e
′
v2
[ft − E(ft|ft−1)] = s, E ′

v[ft − E(ft|ft−1)] = 0
)

− E
(
e′v1ft+n

∣∣ft−1, e
′
v2
[ft − E(ft|ft−1)] = 0, E ′

v[ft − E(ft|ft−1)] = 0
)
.(A.14)

17. or equivalently, f
(aug)
t . we drop the superscript for ease of notation.
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Using the semi-strong VAR formulation of Equation (IA.3), the impulse response

function IRFv2→v1
t,n is given by:

IRFv2→v1
t,n = e′v1Ψ

n

[
E
(
ft
∣∣ft−1, e

′
v2
[ft − E(ft|ft−1)] = s, E ′

v[ft − E(ft|ft−1)] = 0
)

− E
(
ft
∣∣ft−1, e

′
v2
[ft − E(ft|ft−1)] = 0, E ′

v[ft − E(ft|ft−1)] = 0
)]

,(A.15)

which only requires �ltered values of the factor ft given initial and observable condi-

tions.

In our empirical exercise, we are in particular interested in shocking components

of Xt itself for in�ation central tendency or volatility shocks. The IRF of any variable

v1 to one of those structural shocks on ι′iXt, ιi selecting the ith component of Xt is

de�ned by:

IRFv2→v1
t,n = e′v1Ψ

n


Σ1/2 0

Γt−1Σ
1/2 Σ1/2 ⊗ Σ1/2

cκβ′ c(β ⊗ β)′



 sιi

s2 (ιi ⊗ ιi)

 , (A.16)

where Γt−1 is de�ned in technical Appendix B.2. For general linear functions of ft,

the Qkf provides a natural procedure to obtain the most probable vector of shocks.

Let B̃ = (ev2 , Ev). The computable version of the IRF of Equation (A.15) is given by:

IRFv2→v1
t,n = e′v1Ψ

n

Vec−1(Ω0 + Ωft−1)B̃
(
B̃′ [Vec−1(Ω0 + Ωft−1)

]
B̃
)−1

 s

0


 .

(A.17)

Again, the terms in the bracket are slightly modi�ed such thatVec(XX ′)t|t = Vec(Xt|tX
′
t|t)

and zt|t ⩾ 0. To understand where Equation (A.17) comes from, consider the initial

14



conditions ft−1 and the shocks are known without errors, so Pt−1,t−1 = 0. Replacing

the unknown quantities in Equation (A.15) by the values given by the Qkf, the result

is immediately obtained.

So far, we have only considered responses on variables that can be expressed as

a�ne combinations of the extended vector of factors ft. However, because of the

closed-formedness of the conditional Laplace transform of ft given its past, we can

also compute the conditional expectation of any exponential-a�ne combination of

ft in closed-form. In general this requires the use of the multi-horizon conditional

Laplace transform, which we detail in the Appendix A.5. In practice, we apply these

formulas to obtain the responses of the ELB probabilities and the corresponding

premia.

The average IRF can be computed in two di�erent ways. First, we can apply For-

mula (A.15) to the initial condition ft−1 =
[
X̄ ′,

(
X̄ ⊗ X̄

)′
, z̄
]′
, where X̄ := E(Xt)

and z̄ = E(zt).18 Second, we can simulate many initial conditions ft−1 using its

marginal distribution, compute the IRFs using Formula (A.15) for each initial con-

dition, and average over the responses. The two approaches are not equivalent since

they �ip the order of integration (see for example Gallant et al. (1993) or Koop et

al. (1996)). We rely on the latter method in Section 4.5.

A.9 Parameter Estimates

18. It is worth mentioning that the initial condition ft−1 = [X̄ ′, Vec(X̄X̄ ′)′, E(zt)]′ is di�erent
from ft−1 = E(ft−1) since E[XX ′] ̸= E(X)E(X ′). However, once conditioning by Xt−1 = X̄, it
follows directly that Vec(Xt−1X

′
t−1) = Vec(X̄X̄ ′) with probability one.
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Table A.1: Parameter estimates: Xt dynamics

estimates std. estimates std.

µπ∗ -0.0392∗ (0.0237) µQ
π∗ -0.0162 (0.0581)

µσ 0.0158 (0.0108) µQ
σ -0.0452∗∗ (0.0186)

µy1 0 � µQ
y1 -0.2521 (0.5486)

µy2 0 � µQ
y2 0.1948∗ (0.1056)

Φπ∗ 0.9014∗∗∗ (0.0156) ΦQ
π∗ 0.9639∗∗∗ (0.006)

Φσ,π∗ 0.0126∗∗∗ (0.0049) ΦQ
σ,π∗ 0.0011 (0.0017)

Φy1,π∗ 0 � ΦQ
y1,π∗ -0.0361 (0.0459)

Φy2,π∗ 0 � ΦQ
y2,π∗ -0.008 (0.0102)

Φπ∗,σ 0.0665∗∗∗ (0.0232) ΦQ
π∗,σ 0.2155∗∗∗ (0.0427)

Φσ 0.9732∗∗∗ (0.0063) ΦQ
σ 0.9087∗∗∗ (0.0195)

Φy1,σ 0 � ΦQ
y1,σ 1.7502∗∗∗ (0.254)

Φy2,σ 0 � ΦQ
y2,σ 0.3881∗ (0.2356)

Φπ∗,y1 -0.0016 (0.0012) ΦQ
π∗,y1

-0.0171∗∗∗ (0.0028)

Φσ,y1 0 (2·10−4) ΦQ
σ,y1 0.0044∗∗∗ (0.0012)

Φy1 0.9826∗∗∗ (0.0025) ΦQ
y1 0.8364∗∗∗ (0.0181)

Φy2,y1 0 � ΦQ
y2,y1 -0.0194 (0.0205)

Φπ∗,y2 0.0041∗∗∗ (0.0012) ΦQ
π∗,y2

-0.0031 (0.003)

Φσ,y2 -9·10−4∗ (5·10−4) ΦQ
σ,y2 0.003∗∗∗ (0.001)

Φy1,y2 0.008∗∗ (0.0033) ΦQ
y1,y2 -0.0339 (0.0255)

Φy2 0.9974∗∗∗ (9·10−4) ΦQ
y2 0.9885∗∗∗ (0.0085)

Σπ∗ 0.1159∗∗∗ (0.0136) ΣQ
π∗ 0.1159∗∗∗ (0.0136)

Σσ,π∗ 0 � ΣQ
σ,π∗ 0 (0)

Σy1,π∗ 0 � ΣQ
y1,π∗ 0 (0)

Σy2,π∗ 0 � ΣQ
y2,π∗ 0 (0)

Σσ 0.0151∗∗∗ (0.0042) ΣQ
σ 0.0151∗∗∗ (0.0042)

Σy1,σ 0 � ΣQ
y1,σ 0 (0)

Σy2,σ 0 � ΣQ
y2,σ 0 (0)

Σy1 1 � ΣQ
y1 1.0006∗∗∗ (2 · 10−4)

Σy2,y1 0 � ΣQ
y2,y1 0 (0)

Σy2 1 � ΣQ
y2 1 (0)

Notes: Standard deviations are in parentheses and are calculated using the outer-product Hessian approximation. The

'�' sign indicates that the parameter has been calibrated hence does not possess any standard deviation. Signi�cance

level: ∗ <0.1, ∗∗ <0.05, ∗∗∗ <0.01.
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Table A.2: Parameter estimates: short-rate and the prices of risk

rt dynamics (parameters are divided by 1,200 except c, π̄ and r)

estimates std. estimates std.

α 0.4171∗∗∗ (0.1692) αQ 0.4905∗∗ (0.2081)

βπ∗ 0.0025 (0.0058) βQ
π∗ 0.0027 (0.0062)

βσ -0.0576∗∗ (0.0282) βQ
σ -0.0624∗∗ (0.0305)

βy1 0.0398∗∗∗ (0.0036) βQ
y1 0.0431∗∗∗ (0.004)

βy2 0.0063 (0.0051) βQ
y2 0.0068 (0.0055)

κ 1.3327∗∗∗ (0.2586) κQ 1.4453∗∗∗ (0.2935)

ϕ 0.6421∗∗∗ (0.0426) ϕQ 0.7551∗∗∗ (0.0455)

c · 1200 1.0646∗∗∗ (0.0697) cQ · 1200 1.2521∗∗∗ (0.0771)

r · 1200 0.1313∗∗∗ (0.0091) π̄ · 100 2.4336 �

Prices of risk and measurement errors standard deviations

estimates std. estimates std.

λ0,π∗ 0.1986 (0.4512) λ0,y1 -0.2619 (0.5507)

λ0,σ -4.0353∗∗∗ (1.4374) λ0,y2 0.1932∗ (0.1061)

λ1,π∗ 0.5400∗∗∗ (0.1344) λ1,π∗,y1 -0.134∗∗∗ (0.031)

λ1,σ,π∗ -0.7579∗∗ (0.321) λ1,σ,y1 0.2924∗∗∗ (0.0612)

λ1,y1,π∗ -0.0361 (0.0459) λ1,y1 -0.1467∗∗∗ (0.0184)

λ1,y2,π∗ -0.008 (0.0102) λ1,y2,y1 -0.0194 (0.0206)

λ1,π∗,σ 1.2857∗∗∗ (0.4019) λ1,π∗,y2 -0.062∗∗∗ (0.025)

λ1,σ -4.2815∗∗∗ (1.3907) λ1,σ,y2 0.2543∗∗∗ (0.0649)

λ1,y1,σ 1.7499∗∗∗ (0.254) λ1,y1,y2 -0.0419∗ (0.0242)

λ1,y2,σ 0.3881∗ (0.2356) λ1,y2 -0.0088 (0.0089)

λr 0.1406∗∗∗ (0.0247)

σR 0.0333∗∗∗ (6 · 10−4) σ∗
R 0.0341∗∗∗ (6 · 10−4)

σ
(12)
π 0.4898 � σ

(120)
π 0.3653 �

σ
(3)
SR

0.2194 � σ
(12)
SR

0.4093 �

σZLB 0.0457 � σ
(120)
Sr

0.7085 �

Notes: Standard deviations are in parentheses and are calculated using the outer-product Hessian approximation. The

'�' sign indicates that the parameter has been calibrated hence does not possess any standard deviation. Signi�cance

level: ∗ <0.1, ∗∗ <0.05, ∗∗∗ <0.01.

17



References

Cheng, P., and O. Scaillet. 2007. �Linear-Quadratic Jump-Di�usion Modeling.� Math-

ematical Finance 17 (4): 575�698.

Dai, Q., and K. J. Singleton. 2000. �Speci�cation Analysis of A�ne Term Structure

Models.� Journal of Finance 55, no. 5 (October): 1943�1978.

Darolles, S., C. Gourieroux, and J. Jasiak. 2006. �Structural Laplace Transform and

Compound Autoregressive Models.� Journal of Time Series Analysis 27, no. 4

(July): 477�503.

Gallant, A., P. Rossi, and G. Tauchen. 1993. �Nonlinear Dynamic Structures.� Econo-

metrica 61 (4): 871�907.

Gouriéroux, C., and J. Jasiak. 2006. �Autoregressive Gamma Processes.� Journal of

Forecasting 25:129�152.

Koop, G., H. Pesaran, and S. Potter. 1996. �Impulse Response Analysis in Nonlinear

Multivariate Models.� Journal of Econometrics 74 (1): 119�147.

Monfort, A., and F. Pegoraro. 2012. �Asset pricing with Second-Order Esscher Trans-

forms.� Journal of Banking & Finance 36, no. 6 (June): 1678�1687.

Monfort, A., F. Pegoraro, J.-P. Renne, and G. Roussellet. 2017. �Staying at Zero with

A�ne Processes: A New Dynamic Term Structure Model.� Journal of Economet-

rics 201 (2): 348�366.

Roussellet, G. 2015. �Non-Negativity, Zero Lower Bound and A�ne Interest Rate

Models.� PhD diss., Dauphine University.

18


	Introduction
	A model for inflation risks and interest rates
	Inflation central tendency and stochastic volatility
	An ELB-consistent short-rate specification with macroeconomic factors: QARG dynamics
	Short-rate dynamics: discussion
	The pricing kernel
	Pricing the term structures

	Estimation Strategy
	Identification strategy and data
	The state-space formulation
	Fitting properties

	Empirical Results
	Inflation dynamics at the lower bound
	Interest rates at the ELB
	Discussion of inflation risk premia estimates
	Comparison with a standard QTSM
	The effect of monetary policy shocks at the lower bound
	Embracing the lower bound

	Conclusion
	Supplementary Material
	Proofs and Parameter estimates
	The Gamma-zero (0) distribution
	Affine P-property
	Convexity adjustment for the pricing kernel
	Risk-neutral affine property
	Multi-horizon Laplace transform
	Pricing recursions
	Liftoff probabilities
	Impulse Response Methodology
	Parameter Estimates

	Internet Appendix
	Dynamics for a general model
	Conditional moments of ft
	The Quadratic Kalman Filter
	Primary Dealer Survey data
	Campbell-Shiller regression coefficients
	Additional Tables and Figures from the benchmark ELB model
	QTSM estimates and results


